Inhomogeneous hydrodynamic models of a classical monatomic ideal gas, undergoing an adiabatic but irreversible expansion, emerge from a new class of sphericaly symmetric exact solutions of Einstein's field equations. The state variables, dissipative stresses and phenomenological coefficients are wholy compatible with the formalisms of Extended Irreversible Thermodynamics and Kinetic Theory of a Maxwell-Boltzmann gas. The solutions are a suitable theoretical basis for hydrodynamical modeling of astrophysical and cosmological systems in a classical context.
In conditions in which matter-energy is dominated by rest mass, the study under General Relativity of inhomogeneous astrophysical and cosmological systems is usualy carried on with exact solutions whose source is pressureless dust [1, 2] . These solutions might provide an appropriate description of the dynamics of the systems, but lack any information on its thermal properties and evolution. A convenient improvement to this description is the replacement of the dust source with a non-relativistic monatomic ideal gas. Since natural processes are irreversible and astrophysical systems in classical conditions are good approximations of "isolated" systems, it is reasonable to suggest as an initial model, improving on dust sources, an ideal gas evolving along an adiabatic but irreversible thermodynamical process [3, 4] . The purpose of this letter is to present a class of exact hydrodynamical models of this type of source and to show that it fully complies with physical requirements of theories dealing with irreversible phenomena, such as Extended Irreversible Thermodynamics [5−12] and Kinetic Theory [4, 5] .
A non-relativistic, non-degenerated, monatomic ideal gas is characterized by the equation of state [9, 12] ρ = mc 2 n + 3 2 nkT, p = nkT
where ρ, n, p, T are matter-energy and particle number densities, equilibrium pressure and temperature, m, k are the particles' mass and Boltzmann's constant. A hydrodynamical model of this source, evolving along an adiabatic but irreversible process, follows by solving Einstein's field equations for the momentum-energy tensor of a fluid with viscous stresses but no heat conduction
where u a is the 4-velocity of the particle frame [7] and π ab is the shear viscous pressure, a traceless symmetric tensor (bulk viscosity vanishes for a classical ideal gas [5] ). The matter tensor must satisfy: T ab ;a = 0, as well as matter conservation and entropy production laws (nu a ) ;a = 0 (3a)
where s is the entropy per particle. The equilibrium variables ρ, p, n, T in (2) satisfy (1), while s and π a b must comply with suitable transport and constitutive equations of Irreversible Thermodynamics.
Consider as the spacetime metric of the models the ansatz characterizing spherically symmetric Tolman-Lemâitre-Bondi (TLB) dust solutions [1, 2] 
where 
where the functional form of π = π(t, r) follows from the field equations.
The integration of the matter conservation equation (3a) and Einstein's field equations yieldsẎ
where
and the subindex " 0 " below any function (as in n 0 , T 0 , Y 0 ) will denote henceforth evaluation of the function along a suitable intial hypersurface t = t 0 . The thermodynamical variables and σ are given by
where:
The solutions defined by (1)- (14) become fully determined once (7) is integrated for specific initial conditions prescribed by selecting n 0 , T 0 , Y 0 , f (one of these functions can always be eliminated by an arbitrary rescaling of r). Since Y has an invariant characterization as the curvature radius, it turns to be convenient to eliminate Y ′ in terms of Y and to express all variables as functions of Y and the initial value funcions. For a viscous fluid described by (2), Extended Ireversible Thermodynamics associates a generalized entropy current [5−12] satisfying (3b) and relating the deviation from equilibrium due to viscosity
where s (e) is the equilibrium contribution of the entropy per particle and α is a phenomenological coefficient. The evolution of the viscous stress is in turn described by the transport equation [10−12] τπ cd h c a h
whereπ ab ≡ π ab;c u c , and τ, η are the relaxation time and the coefficient of shear viscosity, phenomenological quantities whose form depends on the properties of the fluid. Transport equations less general than (16) are often suggested, for example Eckart's (τ = 0) or the "truncated form" without the term involving u c and T in (16) . However, the former leads to acausal propagation equations and unstable solutions [6, 11] , while adverse physical effects are increasingly associated [10−12] with the truncated version of (16) .
As a referencial value of the forms that one should expect for α, τ, η in a classical monatomic ideal gas, consider a Maxwell-Boltzmann distribution near equilibrium for which the equation of state (1) holds [5] . Grad's thirteen moments method provides the following forms for the phenomenological quantities in (15) and (16) 
where γ 0 is a collision integral (eq (3.41) of [5] ). An insight into the physical plausibility of the solutions follows from verifying to what degree the forms of T , p, π ab and σ ab given by equations (5), (6), (10)- (13) are compatible with (15), (16) and the coefficients (17) .
Substitution of (10)- (12) into (15), with α given by (17c) and s (e) obtained from the integration of the equilibrium Gibbs equation, yields
where s 0 (r) is an arbitrary initial value of s. From (11), (12) and (18b), the following are sufficient conditions for positive T, p and forṡ > 0 to hold
For each set of initial value functions n 0 , T 0 , Y 0 , f for which (19) holds and (3a) and (15) have the sign ">", one has a fluid model of an ideal gas evolving along an adiabatic irreversible process. The particular caseṡ = 0 defines for the set of all such processes a unique limiting reversible process, characterized by σ = 0. This leads (from (13)) to Γ = Ω = π = 0 and
, these conditions are obtained, together with Y = R(t)f and Y 0 = R 0 f , and the metric becomes that of a FLRW spacetime with scale factor R(t). Therefore, the reversible limit of the models is a FLRW cosmology whose source is a monatomic ideal gas [14] . Other important points worth remarking are: (a) Solutions of (4) with a dust source [1, 2] follow as limiting cases if T 0 = 0 ⇒ T = 0, however this case cannot be consistently charaterized from (18b) as a reversible limiting process. (b) As expected from the second law of Thermodynamics, an irreversible evolution starting from an initial equilibrium state at t = t 0 is impossible. This is so, because (ṡ) 0 = 0 implies σ 0 = 0, and so: Γ 0 = Ω 0 = 0 and Regarding the transport equation (16) , it is satisfied for the following forms of η and τ η = pτ ,τ = − ΩΨ
where σ, p, Ω and Ψ are given by (5), (6) , (11)- (14) . Comparing (18b), (19) and (20), it follows that the same conditions (19) for positive entropy production are sufficient conditions forτ > 0. The coincidence of η in (20) with the Maxwell-Boltzmann form (17b) is remarkable, however the fact thatτ is not exactly (17a) is not discouraging either, since the source of the solutions is, after all, not a Maxwell-Boltzmann gas. It should be possible to compareτ and τ and examine if and how the collision integral γ 0 relates to the functions appearing in (14) and (20). However, this task is beyond the scope of this letter. Instead,τ will be considered an acceptable relaxation time, as long as it fulfils the physical requirements such a quantity should meet. Specificaly, it must be a positive and non decreasing function along u a , and since the comparison with the Maxwell-Bolzmann parameters provides a convenient physical reference, its form should somehow approach or relate to that of τ . However, not more can be said as long as the form of the gradient Y ′ /Y is not known.
The explicit form of Y ′ /Y in terms of Y and initial value functions follows from the integration of (7). For the case k 0 = 0 (the cases k 0 = ±1 are examined in [13] ), the integral (7) yields
kT 0 mc 2Ω 
where (8) has been used to eliminate M, W in terms of n 0 , T 0 , Y 0 . Useful approximations for Y ′ /Y , and thus for Γ, Ω, and Ψ, follow if either δ ≪ 1 or y ≫ 1, so that F ≈ 2δ 1/4 / √ y,
where:Ψ
Let us now, with the help of (22)- (23), look at the fulfilment of conditions (19). It shall be assumed that initial value functions n 0 and T 0 satisfy the following standard regularity and asymptotic conditions: 
showing that, as before, conditions are also very favorable for having σ > 0, and σ → 0 as Y /Y 0 → ∞. Therefore, under these conditions,ṡ → 0 in this limit, and the fluid does evolve irreversibly towards an asymptotic equilibrium state. Clearly, from (25), the leading term in σ is n∆, since the leading term inẎ /Y is proportional to (Y 0 /Y ) 3/2 (from equation (7) with k 0 = 0). Also, since Ω, Ψ tend to asymptotic valuesΩ,Ψ in this limit, conditions are also favorable ( providedΩ < 0) for havingτ > 0 an increasing function along u a , with the asymptotical behavior
a form similar to (17a) and showing the same qualitative behavior of relaxation times in astrophysical systems [15] . RegardingΩ, the sign of the numerator in (22b) is not overwelmingly evident, though a negative sign is certainly not ruled out. In fact, it is possible to find simple specific examples of n 0 , T 0 , Y 0 satisfying (24) for whichΩ < 0 holds. Since the latter condition is more restrictive thanΓ < 0,Ψ > 0 andΓ − 3εΩ < 0 discussed above, it is expected that initial value functions complying withΩ < 0 will satisfy easily the other constraints. As a simple example, consider for n 0 , T 0 and Y 0 , the following forms similar to frequently used mass distributions in spherical galaxies and clusters [16, 17] 
which is easily met by a large choice of empirical constants.
As a way of conclussion. A new class of solutions has been derived describing fluid models of a classical ideal gas undergoing an adiabatic and irreversible evolution. Explicit conditions have been provided to verify if the physical requirements of such a source are met. It has been proved that these requirements are fully satisfied for the case k 0 = 0 (see [13] for the remaining cases). The relevance of the solutions follows from the importance of the classical ideal gas as a simple but widely used theoretical model of matter in a classical context. As long as adiabatic (or nearly adiabatic) conditions can be adequately justified and the coupling of matter with radiation can be neglected, there is an inmense potential for applying these solutions to a wide variety of problems involving astrophysical systems, such as galaxies, clusters, superclusters, cosmological inhomogeneities, voids, etc. The solutions also provide a convenient theoretical and heuristical tool to examine the interplay of irreversibility of thermodynamical processes and gravitation in a classical but relativistic context. Further research along all these lines is being undertaken. [13] 
